
7.2 f(x) = sin(x)

f ′(x) =
(

sin(x)
)

′

= cos(x)

f ′′(x) =
(

cos(x)
)

′

= − sin(x)

f (3)(x) =
(

− sin(x)
)

′

= − cos(x)

f (4)(x) =
(

− cos(x)
)

′

= sin(x) = f(x)

Plus généralement, on obtient :

f (k)(x) =















cos(x) si k ≡ 1 mod 4
− sin(x) si k ≡ 2 mod 4
− cos(x) si k ≡ 3 mod 4

sin(x) si k ≡ 0 mod 4

Il en résulte :

f (k)(0) =















1 si k ≡ 1 mod 4
0 si k ≡ 2 mod 4

−1 si k ≡ 3 mod 4
0 si k ≡ 0 mod 4

1) P1(x) = f(a) + f ′(a) (x− a)
= 0 + 1 (x− 0)
= x

2) P2(x) = f(a) + f ′(a) (x− a) + f ′′(a)
2!

(x− a)2

= 0 + 1 (x− 0) + 0
2!
(x− 0)2

= x

3) P3(x) = f(a) + f ′(a) (x− a) + f ′′(a)
2!

(x− a)2 + f(3)(a)
3!

(x− a)3

= 0 + 1 (x− 0) + 0
2!
(x− 0)2 + −1

3!
(x− 0)3

= x−
x3

3!

4) P4(x) = f(a) + f ′(a) (x− a) + f ′′(a)
2!

(x− a)2 + f(3)(a)
3!

(x− a)3 + f(4)(a)
4!

(x− a)4

= 0 + 1 (x− 0) + 0
2!
(x− 0)2 + −1

3!
(x− 0)3 + 0

4!
(x− 0)4

= x−
x3

3!

5) P5(x) = f(a) + f ′(a) (x− a) + f ′′(a)
2!

(x− a)2 + f(3)(a)
3!

(x− a)3

+ f(4)(a)
4!

(x− a)4 + f(5)(a)
5!

(x− a)5

= 0 + 1 (x− 0) + 0
2!
(x− 0)2 + −1

3!
(x− 0)3

+ 0
4!
(x− 0)4 + 1

5!
(x− 0)5

= x−
x3

3!
+ x5

5!

Analyse : développement en série d’une fonction Corrigé 7.2



6) P7(x) = f(a) + f ′(a) (x− a) + f ′′(a)
2!

(x− a)2 + f(3)(a)
3!

(x− a)3

+ f(4)(a)
4!

(x− a)4 + f(5)(a)
5!

(x− a)5 + f(6)(a)
6!

(x− a)6 + f(7)(a)
7!

(x− a)7

= 0 + 1 (x− 0) + 0
2!
(x− 0)2 + −1

3!
(x− 0)3

+ 0
4!
(x− 0)4 + 1

5!
(x− 0)5 + 0

6!
(x− 0)6 + −1

7!
(x− 0)7

= x−
x3

3!
+ x5

5!
−

x7

7!

7) On généralise facilement le résultat :

P2n+1(x) = x−
x3

3!
+ x5

5!
−

x7

7!
+ x9

9!
−

x11

11!
+ x13

13!
−

x15

15!
+ . . .+ (−1)n x2n+1

(2n+1)!

Analyse : développement en série d’une fonction Corrigé 7.2


